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UncertaintyAbstract The nonlinear aircraft model with heavy cargo moving inside is derived by using the sep-
aration body method, which can describe the inﬂuence of the moving cargo on the aircraft attitude
and altitude accurately. Furthermore, the nonlinear system is decoupled and linearized through the
input–output feedback linearization method. On this basis, an iterative quasi-sliding mode (SM)
ﬂight controller for speed and pitch angle control is proposed. At the ﬁrst-level SM, a global
dynamic switching function is introduced thus eliminating the reaching phase of the sliding motion.
At the second-level SM, a nonlinear function with the property of ‘‘smaller errors correspond to
bigger gains and bigger errors correspond to saturated gains’’ is designed to form an integral sliding
manifold, and the overcompensation of the integral term to big errors is weakened. Lyapunov-
based analysis shows that the controller with strong robustness can reject both constant and
time-varying model uncertainties. The performance of the proposed control strategy is veriﬁed in
a maximum load airdrop mission.
ª 2015 The Authors. Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Ultra-low altitude airdrop (ULAA) is an essential capability of
a large transport aircraft and it is critical to the success of many
military tasks, such as precision delivery of heavyweight equip-
ment and supplies.1–3 During the standard ULAA operations,
materials and goods are released at altitudes of 3–10 m and at
aircraft velocities between Mach 0.20 and 0.25 to avoid enemyradar detection and anti-aircraft artillery counteraction.4,5
Also, the low level and low speed ﬂight characteristics can effec-
tively minify collateral damage risks of the supplies. This is of
signiﬁcance for dropping high-tech equipment that is easy to
be damaged or armored vehicles with soldiers on board. To
perform perfect airdrop task with precision allocation of the
supplies and also to guarantee ﬂight safety, highly steady air-
craft dynamics is needed.6 However, the continuous movement
and abrupt out of the heavy cargo can exert large disturbances
on the aircraft thus leading to considerable deviation of the air-
craft dynamics from the trim position. To hold the ﬂight states,
a forward force is required, followed by an abrupt change in the
direction of the applied force. The manipulation is quite sophis-
ticated and allows for no margin for operation errors.7,8
Therefore, research on the control law development of the air-
craft for the airdrop mode is necessary and valuable.
Fig. 1 Deﬁnition of coordinates and analysis of forces.
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developing advanced aircraft controllers for the airdrop mode.
By using linearized model at given operating point, several
control methods, including robust control9 and active distur-
bance rejection control,10,11 for the airdrop mode are available
in the literature. Although these approaches can improve the
performance of the system in different aspects, one shortcom-
ing is that good control performance and robustness are difﬁ-
cult to achieve in the event that the cargo becomes increasingly
heavy. In such an event, as mentioned above, the aircraft
dynamics can deviate far from the operating point in the trac-
tion phase of the airdrop mission. To further improve the per-
formance of the aircraft motion system with strong
nonlinearities, many nonlinear control approaches have been
developed. The theoretically established feedback linearization
method12 is the one most widely applied.
The system with strong nonlinearities can be decoupled
exactly rather than linear approximations by using the feed-
back linearization method. However, to perform perfect feed-
back linearization, accurate knowledge of the plant dynamics
should be available. This is not the case with the airdrop mode
ﬂight control project, since there always exist some unmodeled
nonlinear dynamics, such as ground effect.13,14 Moreover,
aerodynamic coefﬁcients obtained from wind tunnel tests, aug-
mented by computational ﬂuid dynamics results, always con-
tain a certain degree of uncertainty. It is well-known that
sliding mode control is an efﬁcient approach to deal with
model deﬁciencies and external disturbances. On the basis of
feedback linearization of the system, a linear sliding mode con-
troller (LSMC) is designed for the airdrop mode in Refs. 15–17.
Although the operation and stability performance of the sys-
tem are highly improved, such LSMC approach cannot guar-
antee global robustness, i.e., the robust tracking is assured
only after the system states hit the sliding manifold.
More importantly, the LSMC method faces an unavoidable
chattering problem, which might limit its practical application.
In order to alleviate the chattering phenomenon, an effective
solution is to employ the saturation function instead of the sign
function in the control law, thus yielding the concept of quasi-
sliding mode control.18 However, the introduction of the sat-
uration function can lead to a certain degree of steady-state
tracking errors in the presence of model uncertainty or external
disturbance. This is the disadvantage for the airdrop task. From
a practical perspective, high-precision control performance is
needed because it can improve not only mission performance
but also ﬂight safety. The tracking errors inherited with the
quasi-sliding mode controllers can be rejected by introducing
an integral function in the sliding manifold.19,20 A problem of
this approach is that the overcompensation of the integral term
to big errors can worsen the transient response performance of
the system which might further lead to a long convergence
time.21 Note that, to guarantee precision allocation of the sup-
plies and also to improve efﬁciency of the airdrop mission, good
transient response behavior of the aircraft dynamics is required.
In these cases, a novel sliding mode control method is called for,
which can achieve not only high-precision control performance
but also better transient response behavior.
In this paper, a novel sliding mode control method is
presented for the airdrop mode. On the basis of feedback
linearization of the aircraft-cargo model, a global dynamic
sliding manifold is ﬁrst designed to guarantee the global robust
tracking property. To further achieve the high-precisioncontrol performance, an integral sliding manifold that iterates
based on the ﬁrst one is designed. Notably, a class of nonlinear
function with the property of ‘‘smaller errors correspond to
bigger gains and bigger errors correspond to saturated gains’’
is introduced to form the integral term thus yielding better
transient response behavior. It is proved that the proposed
method can completely reject constant uncertainties and can
control the tracking errors to arbitrarily small values under
the conditions of time-varying uncertainties. Simulation results
verify the good performance of the control system which can
meet the airdrop mission performance indexes8,17 well even
in the presence of ±20% aerodynamic coefﬁcients uncertainty,
both constant and time-varying type.
2. Aircraft modeling with cargo moving inside
To design a ﬂight controller for the airdrop mode, a reasonable
aircraft-cargo motion model of the airdropping process is
needed. At present, two types of modeling approaches, includ-
ing the combination body method11,17,22 and the separation
body method,7,9,10,16 are available in the literature. The former
one takes the aircraft and the cargo as a whole, thus the
applied forces between each other are internal actions. The lat-
ter one considers the cargo motion as a disturbance to the air-
craft and it is convenient for designing controllers. In spite of
their strict derivation, a common problem of these modeling
approaches is to assume that the cargo moving forward with
a known constant acceleration can introduce some degree of
model error. In effect, the pitch attitude of the aircraft will rise
continuously while the cargo moves along the rail system, and
then the component force along the rail of the cargo’s gravity
also increases continuously. In this case, the acceleration of the
cargo can become increasingly big. This fact implies that the
model error mentioned above can be enlarged in the event that
the cargo becomes increasingly heavy. In this study, the
assumptions adopted in Refs. 7,9–11,16,17,22 are relaxed to the
following three ones: (1) the aircraft is viewed as a rigid body;
(2) the cargo is considered as a particle; (3) the cargo moves
along the rail system on the cargo deck, which coincides with
the aircraft longitudinal body axis.
Coordinate systems for modeling are illustrated in Fig. 1,
which contains the earth frame Oxgygzg, the body-ﬁxed frame
Oxbybzb and the track-axes frame Oxkykzk. In Fig. 1, O is the
center of gravity (c.g.) of the aircraft, c the c.g. of the cargo, mb
the mass of the aircraft, mc the mass of the cargo, g the gravity
acceleration, a the angle of attack, V the velocity vector, FA the
aerodynamic force vector, MA the aerodynamic moment vec-
tor, Fc the disturbance force vector that the cargo acts on
the aircraft, Mc the disturbance moment vector caused by
the cargo, T the engine thrust vector, Fp the pull vector which
points to the direction of the airﬂow, up the angle of Fp with
480 R. Liu et al.respect to Oxb, and Nc the resultant force vector that the
aircraft reacts on the cargo with Nc ¼ Fc.
The dynamic equation of the aircraft can be depicted as
mb
dV
dt
¼ FA þmbgþ Fc þ T
d
dt
IXð Þ ¼MA þMc
8><
>: ð1Þ
where X denotes the angular velocity vector of the aircraft,
and I the moment of inertia matrix. The cargo affects the long-
itudinal dynamics of the aircraft but does not inﬂuence its lat-
eral dynamics. Then from Eq. (1), the scalar longitudinal
dynamic equation of the aircraft can be expressed in the
track-axes frame as
mb
dV
dt
¼ T cos aDmbg sin c Fcjkx
mbV
dc
dt
¼ T sin aþ Lmbg cos c Fcjkz
Iy
dq
dt
¼My þMc
_h ¼ q
a ¼ h c
8>>>>>><
>>>>>>:
ð2Þ
where h, c and q represent the pitch angle, the climb angle and
the pitch rate, respectively; D and L stand for the drag force
and lift force, respectively; My is the pitch aerodynamic
moment; Iy is the pitch moment of inertia; Fcjkx and Fcjkz
denote the components of Fc in track-x and track-z,
respectively.
In non-inertial coordinate systems, the absolute accelera-
tion of the cargo is
ac ¼ aim þ aco þ are ð3Þ
where aim, aco and are denote the implicated acceleration vec-
tor, the Coriolis acceleration vector and the relative accelera-
tion vector, respectively, with
aim ¼ dV
dt
þ dX
dt
 rcb þX ðX rcbÞ
aco ¼ 2X
~drcb
dt2
are ¼
~d2rcb
dt2
8>>>><
>>>>:
ð4Þ
where rcb is the position vector that point c with respect to
point O, and
~dðÞ
dt
stands for the relative derivative operator.
Then the scalar expression of ac can be expanded in the
body-ﬁxed frame as
acjbx ¼
dV
dt
cos aþ V dc
dt
sin aþ q2rcb  d
2rcb
dt2
acjbz ¼
dV
dt
sin a V dc
dt
cos aþ dq
dt
rcb þ 2q drcb
dt
8><
>: ð5Þ
where acjbx and acjbz represent the components of ac in body-x
and body-z, respectively. The dynamic equation of the cargo
can be expressed in the body-ﬁxed frame as
mcacjbx ¼ Ncjbx mcg sin h Fp cosup
mcacjbz ¼ Ncjbz þmcg cos h Fp sinup
Ncjbx ¼ lNcjbz
8><
>: ð6Þwhere l is the friction coefﬁcient of rolling between the cargo
and the roller on the ﬂoor. Ncjbx and Ncjbz denote the compo-
nents of Nc in body-x and body-z, respectively. Substituting
Eq. (5) into Eq. (6) yields
d2rcb
dt2
¼ dV
dt
cos aþ V sin a dc
dt
þ g sin hþ rcbq2
lg cos hþ 1
mc
lFp sinup þ
1
mc
Fp cosup
þl dV
dt
sin a V dc
dt
cos aþ dq
dt
rcb þ 2qdrcb
dt
  ð7Þ
with
d2rcb
dt2
denoting the relative acceleration of the cargo with
respect to the aircraft. Using coordinates transformation, we
have
Fcjkx ¼ Ncjbx cos aNcjbz sin a
Fcjkz ¼ Ncjbx sin aþNcjbz cos a
Mc ¼ rcbNcjbz
8><
>: ð8Þ
Let x ¼ ½V; a; q; hT, U ¼ ½de; dTT and HðxÞ ¼ ½V; hT with
de and dT denoting the elevator deﬂection and the throttle
opening. Then, together with Eqs. (2)–(8), one can derive the
aircraft model in the track-axes frame as
_x ¼ fðxÞ þ GðxÞU
y ¼ HðxÞ

ð9Þ
where GðxÞ ¼ g1;g2½  ¼ g11 g21 g31 g41g12 g22 g32 g42
 T
, and fðxÞ ¼
½f1; f2; f3; f4T with fiði¼ 1;2;3;4Þ and gijði¼ 1;2;3;4; j¼ 1;2Þ
being provided in the Appendix.
3. Input–output feedback linearization of the model
During the ULAA process, ground effect is remarkable as the
altitude is extremely low. The ground effect is difﬁcult to detect
and its inﬂuences can be converted to certain uncertainty of the
lift, drag and pitch moment coefﬁcients.13,14 Thus, the system
in Eq. (9) becomes
_x ¼ fðxÞ þ DfðxÞ þ GðxÞU
y ¼ HðxÞ

ð10Þ
where DfðxÞ represents model uncertainty written as
DfðxÞ ¼ ½Df1;Df2;Df3;Df4T. Since the range of the altitude is
knowable, the aerodynamic coefﬁcients uncertainty caused
by the ground effect is bounded. This further implies that
DfðxÞ is bounded, and the bounds are knowable.
By using feedback linearization, one can transform the sys-
tem in Eq. (10) to the following input–output form12
y
ðc1Þ
1 ; y
ðc2Þ
2
h iT
¼ BðxÞ þ DBþ EðxÞU ð11Þ
where y1 ¼ V, y2 ¼ h, yðciÞi ði ¼ 1; 2Þ stands for the cith deriva-
tive of yi, and ci is the relative degree of yi. Calculation shows
that c1 ¼ 1 and c2 ¼ 2, and the total relative degree satisﬁes
c1 þ c2 ¼ 3 < 4. The decoupling matrix is
EðxÞ ¼ Lg1L
c11
f y1 Lg2L
c11
f y1
Lg1L
c21
f y2 Lg2L
c21
f y2
" #
¼ g11 g12
g31 g32
  ð12Þ
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cj1
f yj is the Lie derivative of L
cj1
f yj with respect to
gi, and L
cj1
f yj ¼ LfLcj2f yj. It follows from 2=p < a < 2=p
that g11g32j j  g12g31j j, which further implies that EðxÞ is non-
singular. BðxÞ is given by
BðxÞ ¼ Lc1f y1;Lc2f y2
h iT
¼ f1; f3½ T
ð13Þ
and the perturbation matrix is
DB ¼ LDfLc11f y1;LDfLc21f y2
h iT
¼ Df1;Df3½ T
ð14Þ
Since DB is determined by DfðxÞ uniquely, DB is also bounded.
From Eqs. (11)–(14), one can obtain the linearized aircraft-
cargo motion model of the form:
Vðc1Þ
hðc2Þ
" #
¼ f1
f3
 
þ Df1
Df3
 
þ g11 g12
g31 g32
 
de
dT
 
ð15Þ4. Iterative quasi-sliding mode control
During the ULAA process, the aircraft with heavy cargo locked
inside declines from hundreds ofmeters height and ﬂattens to 3–
10 m above the ground. At the dropping point, the cargo is
pulled out of the tank by the extraction umbrella. To guarantee
airdrop precision and ﬂight safety, the pilot should stabilize the
ﬂight states as far as possible. Therefore, the control objective is
to keep the aircraft’s states in the trim position.7–11,15–17
Firstly, design the inner-loop sliding mode controller to sta-
bilize the aircraft’s speed and pitch attitude. Let Vd and hd
denote the trim speed and the trim pitch angle, and deﬁne
the tracking errors as
e ¼ e1; e2½ T
¼ V Vd; h hd½ T
ð16Þ
In order to guarantee robust tracking of the sliding mode
from the beginning, to alleviate chattering phenomenon, and
also to achieve high-precision control performance, a two-level
iterative quasi-sliding mode control strategy is proposed.
Design the ﬁrst level global dynamic sliding manifold as
S1 ¼ ½s11; s12T
s1i ¼
Xci1
j¼0
cjf
ci1j
i e
ðjÞ
i  /iðtÞ
ði ¼ 1; 2Þ
8>><
>>:
ð17Þ
where e
ðjÞ
i denotes the jth derivative of ei, and /iðtÞ is a refer-
ence approaching function used to guarantee global robust-
ness. Design /iðtÞ as
/iðtÞ ¼ eni t
Xci1
j¼0
cjf
ci1j
i e
ðjÞ
i ð0Þ ð18Þ
where ni 2 Rþ is an exponentially approaching constant. Since
s1ið0Þ ¼ 0, there is no reaching phase to the sliding mode, i.e.,
global robustness is guaranteed. fi 2 Rþ, and cj is a binomial
coefﬁcient deﬁned as
cj ¼ ðci  1Þ!ðci  1 jÞ!j!
ði ¼ 1; 2; j ¼ 0; 1; . . . ; ci  1Þ ð19ÞThis renders
P
cjf
ci1j
i Hurwitz with cith eigenvalues of
fi, which implies that if s1i ¼ 0, then eiðtÞ ¼ 0 as t!1.
To further achieve high-precision control performance,
design the second-level nonlinear integral sliding manifold as
S2 ¼ ½s21; s22T
s2i ¼ s1i þ kiIi
Ii ¼
R t
0
wðs1iÞ ds
8><
>: ð20Þ
where ki 2 Rþ, and wðsÞ is a class of nonlinear function with
the property of ‘‘smaller errors correspond to bigger gains
and bigger errors correspond to saturated gains’’ and
signðwðsÞÞ ¼ signðsÞ
wð0Þ ¼ 0

ð21Þ
Design
wðs1iÞ ¼ s1ieki s1ij j ð22Þ
where ki 2 Rþ is an exponentially approaching constant.
Next, design a control input U to make S2 converge.
Consider the Lyapunov function candidate
r1 ¼ 1
2
ST2S2 ð23Þ
It follows from Eqs. (17) and (20) that
_S2 ¼ _S1 þ KWðS1Þ
¼ Y Yd þ Ce  _Uþ KWðS1Þ
ð24Þ
where
Y ¼ ½Vðc1Þ; hðc2ÞT
Yd ¼ ½Vðc1Þd ; hðc2Þd 
T
Ce ¼
Xc12
j¼0
cjf
c11j
1 e
ðjþ1Þ
1
Xc22
j¼0
cjf
c21j
2 e
ðjþ1Þ
2
2
666664
3
777775
_U ¼ ½ _/1ðtÞ; _/2ðtÞT
K ¼ diag ðk1; k2Þ
WðS1Þ ¼ ½wðs11Þ;wðs12ÞT
8>>>>>>>>>>>><
>>>>>>>>>>>>:
Then we can obtain the time-derivative of r1 as
_r1 ¼ ST2 _S2
¼ ST2 Y Yd þ Ce  _Uþ KWðS1Þ
 
¼ ST2 Bþ DBþ EU Yd þ Ce  _Uþ KWðS1Þ
  ð25Þ
Design
U ¼ E1ðxÞ Bþ Yd  Ce þ _U KWðS1Þ
	
gsat S2k k
b
 
S2
S2k k
 ð26Þ
sat
S2k k
b
 
S2
S2k k ¼
sgn S2ð Þ If S2k kP b
S2
b
If S2k k < b
8<
: ð27Þ
where g is chosen such that g > DBk k, and b is the boundary
layer thickness, with k k the 2-norm. Substitute Eqs. (26) and
(27) into Eq. (25), and if S2k kP b, we have
21
482 R. Liu et al._r1 ¼ ST2 DB gsgn S2ð Þð Þ
6  g DBk kð Þ S2k k
ð28Þ
which, along with S2ð0Þk k ¼ 0 < b, implies that S2 can be sta-
bilized within the boundary layer thickness from the begin-
ning. The robustness of the proposed control strategy against
model uncertainty is stated in the following theorems. To
streamline the subsequent analysis, we deﬁne - ¼ g=b and
DBðtÞ ¼ Db1;Db2½ T.
Theorem 1. For the system in Eq. (15) with the iterative quasi-
sliding mode control law deﬁned via Eqs. (17)–(27), if DBðtÞ
converges to a constant vector as t!1, i.e., lim
t!1DbiðtÞ ¼Mi
with Mi being a constant, we have
lim
t!1
eiðtÞ ¼ 0 ði ¼ 1; 2Þ ð29Þ
Proof. From Eqs. (24), (26) and (27), we can obtain the trajec-
tory of S2 within the boundary layer as
_s2iðtÞ ¼ DbiðtÞ  -s2iðtÞ ð30Þ
Application of Laplace transformation yields
s2iðpÞ ¼ 1
pþ -DbiðpÞ ð31Þ
with p denoting the Laplace operator. It then follows from the
Final Value Theorem that
lim
t!1
s2iðtÞ ¼ lim
p!0
p
pþ -DbiðpÞ
¼ lim
p!0
1
pþ - limp!0pDbiðpÞ
¼ lim
p!0
1
pþ - limt!1DbiðtÞ
¼Mi
-
ð32Þ
Evidently, _s2iðtÞ is uniformly continuous, and application of
Barbalat’s Lemma12 yields _s2iðtÞ ¼ 0 as t!1, which, along
with Eq. (20), leads to
_s1iðtÞ ¼ kiwðs1iÞ ¼ kis1ieki s1ij j ð33Þ
Since ki > 0, thus
s1iðtÞ ¼ 0 as t!1 ð34Þ
which further leads to
eiðtÞ ¼ 0 as t!1 ð35Þ
This completes the proof. h
Remark 1. Theorem 1 implies that, such iterative quasi-sliding
mode control strategy deﬁned via Eqs. (17)–(27) can com-
pletely reject constant uncertainties (or dynamic ones but con-
verge to constants ﬁnally). However, this is not the case with
the LSMC method mentioned in Refs. 16,17. Following the
design procedure in Refs. 16,17, the sliding manifold for the sys-
tem in Eq. (15) is given by
si ¼ eðci1Þi þ ciðci1Þeðci2Þi þ . . .þ ci1ei ði ¼ 1; 2Þ ð36Þwhere cij is selected to render si Hurwitz. Following similar
arguments as in the proof of Theorem 1, the trajectory of si
within the boundary layer is governed by the following
dynamics
_siðtÞ ¼ DbiðtÞ  -siðtÞ ð37Þ
which further implies that
lim
t!1
siðtÞ ¼Mi- ð38Þ
Application of Laplace transformation to Eq. (36) yields
eiðpÞ ¼ siðpÞ
pci1 þ ciðci1Þpci2 þ    þ ci1
ð39Þ
which, together with Eq. (38), leads to
lim
t!1
eiðtÞ ¼ lim
p!0
p  siðpÞ
pci1þciðci1Þpci2þþci1
¼ lim
p!0
1
pci1þciðci1Þpci2þþci1
 lim
t!1
siðtÞ
¼ Mi
ci1-
ð40Þ
We see that the tracking errors cannot be converged to zeroes
in the presence of constant uncertainties. These errors are disad-
vantageous for the airdrop operations, because they can affect
precision allocation of the supplies and can even threat ﬂight
safety. Besides, since sið0Þ– 0, robust tracking performance is
achieved only after the system states hit the sliding manifold,
i.e., the robustness is not guaranteed at the reaching phase.
Remark 2. To achieve high-precision control performance, we
further consider using the integral sliding mode control
(ISMC) method,19,20 and the sliding manifold is designed as
si ¼ eðci1Þi þ ciðci1Þeðci2Þi þ    þ ci1ei þ qi
Z t
0
ei ds ði ¼ 1; 2Þ
ð41Þ
with qi 2 Rþ. Similar to the previous analysis, within the
boundary layer, the dynamics of the sliding mode is governed
by _siðtÞ ¼ DbiðtÞ  -siðtÞ, which further leads to lim
t!1
siðtÞ ¼
Mi=-. It then follows from Eq. (41) that ei ¼ _ei ¼    ¼
e
ðci2Þ
i ¼ eðci1Þi ¼ 0 and
R t
0
ei ds ¼ Miqi-
as t!1. Fig. 2
describes the control effect of the integral sliding mode
method, where yid is the desired command of yi.
21 It follows
from the geometric meaning of the integral operator thatZ 1
0
ei ds ¼ Miqi-
¼ SA  SB ð42ÞFig. 2 Control effect of integral sliding mode method.
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respectively. Note that big initial tracking errors yield a big
SB, which further yield a big SA. This implies that the integral
sliding mode method can worsen the transient performance of
the system and further lead to a long convergence time. Also,
such approach cannot yet guarantee system robustness at the
reaching phase. But for the iterative quasi-sliding mode
method, global robustness performance is guaranteed by intro-
ducing a reference approaching function at the ﬁrst level slid-
ing manifold, and the overcompensation of the integral term to
big errors is weakened by introducing a nonlinear function at
the second level iterative sliding manifold.
Usually, the uncertainties as well as external disturbances
are time-varying, for example, the aerodynamic coefﬁcients
uncertainty caused by ground effect varies along with the air-
craft’s altitude. Next, we analyze the robustness of the iterative
quasi-sliding mode control method against time-varying
uncertainties.
Theorem 2. For the system in Eq. (15) with the iterative quasi-
sliding mode control law deﬁned via Eqs. (17)–(27), if DBðtÞ
varies all the time, then we have
lim
t!1
eiðtÞj j 6 2b
fci1i
ði ¼ 1; 2Þ ð43Þ
Proof. Consider the Lyapunov function candidate
r2 ¼ 1
2
I2i ð44Þ
Taking the time-derivative of r2 yields
_r2 ¼ Iiwðs1iÞ
¼ Iiwðs2i  kiIiÞ
¼ Iiðs2i  kiIiÞeki s2ikiIij j
ð45Þ
Since S2k k < b, thus s2ij j < b, and if Iij j > b=ki, we have
_r2 < 0 ð46Þ
which implies that
Iij j 6 b=ki ð47ÞFig. 3 Structure diagraIt then follows from Eqs. (20) and (47) that
s1ij j ¼ s2i  kiIij j 6 s2ij j þ kiIij j < 2b ð48Þ
Application of Laplace transformation to Eq. (17)
yields
eiðpÞ ¼ 1ðpþ fiÞci1
s1iðpÞ þ /iðpÞð Þ ð49Þ
Let
HiðpÞ ¼ 1ðpþ fiÞci1
ð50Þ
and its impulse response is
hiðtÞ ¼ t
ci2efi t
ðci  2Þ!
ð51Þ
For an input signal s1i þ /i, the zero-state response of HiðpÞ
is
eiðtÞ ¼
Z t
0
hiðsÞ s1iðt sÞ þ /iðt sÞð Þ ds ð52Þ
which, together with Eqs. (18) and (48), leads to
lim
t!1
eiðtÞj j 6 lim
t!1
R t
0
sci2efis
ðci  2Þ!









 s1iðt sÞj jds
6 2blim
t!1
R t
0
sci2efis
ðci  2Þ!









ds
¼ 2b
f
ci1
i
ð53Þ
thus proving the bounds in Eq. (43). h
Remark 3. Theorem 2 implies that, for a given boundary layer
thickness b, the steady-state tracking errors can be controlled
to arbitrarily small values by increasing the sliding manifold
coefﬁcients fi.
In the end, the outer-loop uses the classical PID control
method to hold the aircraft’s altitude. Fig. 3 illustrates the struc-
ture of the control system, whereH is the ﬂight altitude;Hd is the
desired command ofH;KP;KI andKD represent the proportion,
integration and differentiation gains, respectively.m of control system.
484 R. Liu et al.5. Simulation and results discussion
Simulate the maximum load (mc ¼ 8000 kgÞ airdrop mission
of a certain transport aircraft at the altitude of 10 m using sin-
gle row single platform mode. The cargo is locked in the c.g. of
the aircraft initially. The aircraft is trimmed under the condi-
tions: H0 ¼ 10 m;V0 ¼ 80 m=s and a0 ¼ h0 ¼ 3:5269 with
the ﬂap deﬂection df ¼ 25 and the horizontal stabilizer deﬂec-
tion dh ¼ 50%. The pull is given by Fp ¼ mcgl, and set l ¼ 0:2
with l denoting the traction ratio.
The control law deﬁned via Eqs. (26), (27) can be expanded
as
U ¼ g11 g12
g31 g32
 1
 f1
f3
 
þ
_Vd
€hd
" #
 0
f2ð _h _hdÞ
  
þ
n1en1t Vð0Þ Vdð0Þð Þ
n2en2t f2ðhð0Þ  hdð0ÞÞ þ _hð0Þ  _hdð0Þ
h i" #
 k1s11e
k1 s11j j
k2s12e
k2 s12j j
" #
 g1sat S2k k=bð Þ  s21= S2k kð Þ
g2sat S2k k=bð Þ  s22= S2k kð Þ
 !
ð54ÞFig. 4 Aircraft responses in the preseSet the inner-loop sliding mode controller parameters as
n1 ¼ n2 ¼ 5, f2 ¼ 2, k1 ¼ 3, k2 ¼ 2, k1 ¼ 1, k2 ¼ 3:3, g1 ¼ 3,
g2 ¼ 0:1 and b ¼ 2. The outer-loop altitude-hold controller
parameters are selected as Kp ¼ 0:22, KI ¼ 0:26 and
KD ¼ 0:0025. Simulations are mainly used to verify the control
performance and robustness of the ﬂight control system. With
the requirements of mission completeness and ﬂight safety, the
performance indexes for the ULAA operations can be given
as8,17: (1) 3 m 6 H 6 10 m; (2) VP 1:2 Vs , with Vs denoting
the stalling airspeed; (3) 0:5 6 h 6 5; and (4) a 6 0:7as, with
as denoting the stalling angle of attack.
The ULAA is a highly nonlinear process subject to the con-
siderable magnitude disturbances caused by the heavy cargo,
and it may be further complicated by many uncertainties. So
it is imperative for the ﬂight control system to reject sudden dis-
turbances and also to accommodate various system uncertain-
ties. To verify the control performance and robustness of the
control system, we hypothesize that the longitudinal aerody-
namic coefﬁcients exist 20% uncertainty. The elevator de
and the throttle dT are selected as the control inputs with opera-
tions ranging from 25 to 25and 0% to 100%, respectively.nce of constant model uncertainty.
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mode can be observed from Fig. 4, where DH ¼ HH0
denotes the altitude increment. In all the three cases, the alti-
tude increment is controlled in the range of 0.2 m, and after
the cargo is dropped out, the altitude is well maintained at
the predeﬁned trim position within 2.8 s. Owing to the loss of
heavy weight, the ﬁnal angle of attack and the ﬁnal pitch angle
become smaller compared with the ones of the trim position.
But the ﬁnal pitch angle is greater than 1, which meets the
indexes well. In summary, the pitch-up motion of the aircraft
caused by the moving cargo is suppressed effectively through
appropriately conﬁguring the elevator and the throttle.
We further test the robustness of the controller against
time-varying uncertainty. Let the aerodynamic coefﬁcients
uncertainty subject to the following distribution:
D 	 Uð0:2; 0:2Þ ð55ÞFig. 5 Aircraft responses in the presenc
Fig. 6 Aircraft responses comparison with the proposed method,
aerodynamic coefﬁcients uncertainty).We repeat the simulation 50 times using the Monte Carlo
method and the results are depicted in Fig. 5. While the
aerodynamic coefﬁcients uncertainty varies randomly within
[-20%, 20%], the aircraft’s altitude is stabilized within
½0:05 m;0:05 m, and the pitch angle as well as the angle of
attack is converged within ½1:8; 2:7. All the states meet the
airdrop mission performance indexes strictly and this veriﬁes
the strong robustness of the control method.
We further make a comparison of control performance
between ourmethod, the LSMCmethod and the ISMCmethod,
in the presence of 20% aerodynamic coefﬁcients uncertainty.
For the sliding mode functions deﬁned in Eqs. (36) and (41), the
parameters are set as c11 ¼ 1, c21 ¼ 2, q1 ¼ 3 and q2 ¼ 2. The
boundary layer thickness and the robust gains are selected as
above. Fig. 6 illustrates that both of the iterative quasi-sliding
mode method and the ISMC method eliminate the steady-statee of time-varying model uncertainty.
LSMC method and ISMC method (in the presence of 20%
486 R. Liu et al.tracking errors. What is different is that the ISMC method can
weaken the dynamic performance to some degree and also lead
to a long convergence time as is shown in Fig. 6 (b). The LSMC
method can guarantee fast convergence of the tracking errors,
but the steady-state tracking errors cannot be eliminated. The
steady-state error of the aircraft’s altitude is DH ¼ 0:18 m,
and in Ref. 17, this error is up to 0:5 m (in Ref. 17, the aircraft
is trimmed under the conditions ofH ¼ 1000 m,V ¼ 120:8 m=s
and a ¼ h ¼ 8:2Þ. To summarize, the iterative quasi-sliding
mode method can guarantee not only high-precision control
performance but also good dynamic response behavior.
6. Conclusions
(1)The multivariate cross coupling aircraft-cargo model is
decoupled via input–output feedback linearization, and
the difﬁculties of designing the control system for the air-
drop mode are reduced greatly.
(2)On the basis of input–output feedback linearization, an
iterative quasi-sliding mode control strategy is proposed
for the inner-loop speed and attitude control of the aircraft.
This control method can guarantee global robustness of the
sliding motion by introducing a reference approaching
function at the ﬁrst level sliding manifold and can further
achieve high-precision control performance by designing
the second level iterative integral sliding manifold.
Moreover, the overcompensation of the integral term to
big errors is weakened by introducing a class of nonlinear
function to form the integral term thus improving thef1ðxÞ ¼
1
mb þmc mcrcb sin af3ðxÞ þ ðT0 þ TVDVÞ cos a ðD0 þDaDaþD½
mbg sin c ðK1 cos a K2 sin aþ FpÞ

f2ðxÞ ¼ ðT0 þ TVDVÞ sin a ðL0 þ LaDaþ LVDVÞ þmbg cos cþ K1 sin a½
þmcr
2
cb cos a
K3
ðK2  Fp sin aÞ mcrcb cos aK3 ðM0 þMaDaþMqDqÞ
þm
2
cr
2
cb cos a sin a
ðmb þmcÞK3 ðD0 þDaDaþDVDVÞþ
m2cr
2
cb cos
2 a
ðmb þmcÞK3 ðL0 þ LaDaþ
þ m
2
cr
2
cb cos a
ðmb þmcÞK3 ðmbg sin c sin ambg cos c cos a K2 þ Fp sin aÞ
þðmb þmcÞVq ðmb þmcÞVþmcrcb cos aM _aK3
 
f3ðxÞ ¼
1
K3
½M0 þMaDaþMqDqþ ðK2  Fp sin aÞrcbþ mcrcbðmb þmcÞK3 ðD0 þ½
þðL0 þ LaDaþ LVDVÞ cos aþmbg sin c sin ambg cos c cos a K2þFp
f4ðxÞ ¼ q
8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:
g11 ¼  mcrcb sin a
M _a
K3
g21 þmcrcb sin aK4 þDde
 
=ðmb þmcÞ
g12 ¼ TdT cos amcrcb sin a
M _a
K3
g22
 
ðmb þmcÞ=
g21 ¼ ðLde þmcrcb cos aK4Þ ðmb þmcÞVþmcrcb cos a
M _a
K3
 
g22 ¼ TdT sin a ðmb þmcÞVþmcrcb cos a
M _a
K3
 
g31 ¼
M _a
K3
g21 þ K4; g32 ¼
M _a
K3
g22; g41 ¼ g42 ¼ 0
8>>>>>>>><
>>>>>>>>:
K1 ¼ mcg sin hþmcq2rcb mc d
2rcb
dt2
;K2 ¼ mcg cos h 2mcq drcb
dt
K3 ¼ Iy þmcr2cb 
m2cr
2
cb
mb þmc ;K4 ¼
mcrcb
ðmb þmcÞK3 ðDde sin aþ Lde cos aÞ þ
Mde
K3
8><
>:transient response performance of the system. Lyapunov-
based analysis shows that the proposed control strategy
can completely reject constant uncertainties and can control
the tracking errors to arbitrarily small values in the pres-
ence of time-varying uncertainties.
(3)The performance of the control system is evaluated in a
maximum load airdrop mission of a certain transport air-
craft at the altitude of 10 m. Simulation results show that
the novel method can control the aircraft states to meet
the airdrop mission performance indexes strictly even in
the presence of ±20% model uncertainty, both constant
and time-varying type. The research results will beneﬁt
future practical airdrop missions.Acknowledgements
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Appendix A.
Expressions of fiði ¼ 1; 2; 3; 4Þ and gijði ¼ 1; 2; 3; 4; j ¼ 1; 2Þ in
Eq. (9).
where L0, D0, T0 and M0 represent the lift, drag, engine thrust
and pith moment at the trim position; L
 stands for theVDVÞ
þ K2 cos a
LVDVÞ
DaDaþDVDVÞ sin a
sin a
þM _a
K3
f2ðxÞ
ðA1Þ
ðA2Þ
ðA3Þ
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;D
 stands for the deriva-
tive of the drag with respect to 
;T
 stands for the derivative of
the engine thrust with respect to 
;M
 stands for the derivative
of the pitch moment with respect to 
.
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